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Abstract. We continue the cubic descent and Chebyshev trace program of the authors. The
earlier work produces a finite-local trace (un) whose boundedness is equivalent to the Riemann
Hypothesis. The present paper does not prove RH. Instead, it proves an unconditional contraction
theorem for the exact prime-filter hierarchy and isolates the arithmetic obstruction that remains.

The critical Cayley coordinate

χ =
s− 2

s+ 1
maps the critical line to |χ| = 1. In this coordinate the singular Chebyshev branch factors through
an explicit Schur function ϕ with ϕ(0) = 16/27. The trace filters admit an exact Laguerre–Hardy
representation, from which we prove

sup
n≥0

∫ ∞

0

e−3x|Πn(x)|2 dx < ∞.

The first two weighted critical moments are then O(n) and O(n2), and the prime-square quadratic
variation is polynomially bounded.

A complementary S3 Fourier calculation gives the exact identity

B0(1− β1β2) = 6

and identifies the normalized standard-channel Green defect with the Chebyshev–Krein U -port.
On the real invariant axis the completed source has a rank-one negative future component. The
completed endpoint residue is then represented by a coefficient of HGϕn−1, where all filter growth
is controlled and every possible interior exponential instability is carried by a pole of ξ′/ξ.

An explicit symmetric, positive, real-log-convex countermodel with off-symmetry zeros shows
why the real-axis contraction cannot be promoted by a generic maximum principle. Thus the
remaining pole exclusion is left explicit rather than hidden inside a Hardy-space assumption.

1. Introduction

The Riemann Hypothesis (RH) asserts that every nontrivial zero ρ of the Riemann zeta function
satisfies Re ρ = 1/2. There are many exact reformulations of this statement: positivity of Li
coefficients [5, 2], moment and Hankel criteria, Jensen-polynomial hyperbolicity [4, 7], horizontal
modulus monotonicity [12], and de Branges or Hermite–Biehler-type formulations, among others.
The existence of an equivalence is therefore not, by itself, evidence of progress toward RH. What
matters is whether a change of coordinates removes a genuine obstruction rather than merely
renaming it.

In [8], we introduced an order-three Möbius descent of the Riemann xi function. The descended
entire function K has order 1/2 and genus zero; the critical line becomes a negative real ray, and
RH becomes a one-tower moment problem. In [9], we then made a lossless Chebyshev change
of basis and obtained a trace (un) for which RH is equivalent to boundedness, or equivalently
to the absence of exponential Green-function escape. A companion calculation [10] studies the
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residue-first boundary layer near s = 2; it is cited here for context only and is not used as an input
to the main Hardy contraction theorem.

Hilbert-space and positive-kernel formulations of RH have substantial antecedents, including
Li–Bombieri–Lagarias criteria and the screw-function/Weil framework of Suzuki [5, 2, 11]. The
present construction is different in scope: it concerns the exact finite-local prime filters attached to
the cubic trace, and the new theorem is an unconditional norm bound for that filter family rather
than a new positivity equivalence.

The present paper begins where those three constructions meet.

Architecture of the argument. The argument is organized in four layers:
Krein low/high block −→ S3 current compression

−→ critical Schur–Hardy contraction −→ completed arithmetic source.

The first layer records the exponential signal of an off-line zero. The middle two layers are
unconditional and remove geometric amplification. The last layer is where the arithmetic pole set
of ξ′/ξ remains visible.

The principal unconditional theorem of this paper is the third layer. It proves the critical
second-moment estimate that was only numerical in the earlier trace analysis. The first two
weighted moments and the prime-square sampling bound then follow by elementary Laguerre
operator estimates. The S3 calculation is complementary: it shows that an apparently dangerous
z2 amplification was a normalization artifact, and it identifies the exact Krein port in which the
completed second moment lives.

We emphasize the logical boundary. The real-axis S3 contraction does not automatically pass
through the residue projection, and the critical Hardy boundary is not the real invariant axis.
Likewise, the completed source H belongs to H2(D) only if the very poles excluded by RH are absent.
These facts are stated explicitly below to prevent a false closure by positivity or Cauchy–Schwarz.

What is new here. The results not contained in [8, 9, 10] are:

(1) the S3 determinant identities B0(1− β1β2) = 6 and

W 2

1− β1β2
= − 9

32
(1− y2),

which identify the normalized standard-channel Green defect with the complementary
Chebyshev–Krein port;

(2) an unconditional rank-one source contraction on the real invariant axis;
(3) the critical Cayley–Schur factorization and the exact coefficient formula

bn,k = −3

8
[χ2n+1−k]G(χ)ϕ(χ)n−1;

(4) the uniform critical filter estimate∫ ∞

0
e−3x|Πn(x)|2 dx = O(1),

together with the O(n) and O(n2) weighted-moment bounds;
(5) a polynomial discrete sampling theorem implying polynomial prime-square quadratic

variation;
(6) an exact completed-source coefficient identity that isolates the remaining pole obstruction.

We do not claim that these results provide a complete proof of RH, nor do we attempt to rank
inequivalent RH criteria by a notion of “distance to proof.” The novelty claimed is narrower and
verifiable: a previously uncontrolled critical filter hierarchy is shown to be uniformly contractive in
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a natural Hardy space, and the remaining exponential instability is localized to the arithmetic pole
set itself.

2. Minimal setup from the cubic descent and trace

We state all algebraic data used in the present proofs. The descent and the RH-equivalent
trace criterion are proved in the publicly available companion papers [8, 9]; no result from the
boundary-layer note is needed below.

Let
w(s) =

s− 1

s
, w3 = id,

and define the cubic invariant

(1) q(s) =
(s− 2)(s+ 1)(2s− 1)

2s(s− 1)
, c =

27

4
.

The identity

(2) q(s)2 + c =
(s2 − s+ 1)3

s2(s− 1)2

will be used repeatedly. Put

ℓ(s) =
ξ′(s)

ξ(s)
, W (s) =

c

q(s)2
, y(s) = 1 + 2W (s).

The trace prime filters are

(3) Πn(x) = −Res
s=2

e−x(s−2)W (s)Tn(1 + 2W (s)).

They are polynomials of degree 2n + 1, have zero e−x mean, and the completed trace has the
decomposition

(4) un = Atr
n +

∑
m≥2

Λ(m)

m2
Πn(logm).

The zero-side form is

(5) un =
∑
ρ

ϑρTn(yρ), ϑρ = − c

q(ρ)2
, yρ = 1− 2ϑρ.

The main theorem of [9] gives

(6) RH ⇐⇒ sup
n

|un| <∞ ⇐⇒ lim sup
n→∞

|un|1/n ≤ 1.

If RH fails, an escaping transported node creates an uncancellable pole in the trace generating
function and hence a positive exponential Green rate.

3. The Krein block and the no-gain formulation

The elementary Chebyshev identities

Tm(y)Tn(y) + (1− y2)Um−1(y)Un−1(y) = T|m−n|(y),(7)

Tm(y)Tn(y)− (1− y2)Um−1(y)Un−1(y) = Tm+n(y)(8)

are polynomial identities and therefore hold for complex y.
For 0 ≤ i, j ≤ N , define

AN (i, j) =
∑
ρ

ϑρTN+i(yρ)TN+j(yρ),(9)
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UN (i, j) =
∑
ρ

ϑρ(1− y2ρ)UN+i−1(yρ)UN+j−1(yρ).(10)

Then (7)–(8) give

(11) LN := AN + UN = [u|i−j|]
N
i,j=0, HN := AN − UN = [u2N+i+j ]

N
i,j=0.

Thus

(12) EN := ∥LN∥2F − ∥HN∥2F = 4 tr(ANUN ).

On RH, AN and UN are positive semidefinite, so

(13) −LN ⪯ HN ⪯ LN .

Conversely, the Wiener mean-square law in [9] implies that an off-line zero forces the high block to
have a strictly larger exponential rate. In particular,

(14) RH ⇐⇒ ∥HN∥F ≤ ∥LN∥F (N ≥ 0).

A much weaker subexponential future-gain bound would also suffice: any estimate of the form

(15) ∥HN∥2F ≤ NO(1)
(
1 + ∥LN∥2F

)
forces subexponential trace energy and hence rules out the off-line Wiener exponent.

The purpose of the next sections is not to reprove (14), but to identify which pieces of (15) can
be established unconditionally.

4. An S3 current compression

Let sj = wj(s) and
aj = s2j − sj + 1, ℓj = ℓ(sj).

Choose
ω = e−2πi/3

and define the discrete Fourier currents

(16) Ck =
2∑

j=0

ω−kjℓj , Γk =
2∑

j=0

ω−kjajℓj , k ∈ Z/3Z.

Let
α = eπi/3, r = r(s) =

s− α

s− ᾱ
.

Then r(w(s)) = ωr(s).

Lemma 4.1 (Orbit Laplacian identity). One has

(17) s2 − s+ 1 = − 3r

(1− r)2

and therefore

(18) (s2 − s+ 1)(2− r − r−1) = 3.

Consequently the Fourier currents satisfy

(19) 3Ck = 2Γk − rΓk−1 − r−1Γk+1.

Proof. Solving the cross-ratio relation for s and simplifying gives (17); multiplying by 2− r− r−1 =
−(r − 1)2/r gives (18). Apply the same identity at the three orbit points, multiply by ℓj , and
take the discrete Fourier transform. Since r(sj) = ωjr, the two shifted terms become rΓk−1 and
r−1Γk+1. □
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Let

Bk =

2∑
j=0

ω−kjaj , β1 =
B1

B0
, β2 =

B2

B0
.

A direct calculation gives

(20) B0 = q2 + c, β1 =
2r3 + 1

3r2
, β2 =

r3 + 2

3r
.

Theorem 4.2 (Exact determinant cancellation). Put

d = 1− β1β2.

Then

(21) d =
6

q2 + c
, B0d = 6,

and

(22) β22 − β1 = −r
2
d, β21 − β2 = − 1

2r
d.

The standard currents therefore satisfy the denominator-free identities

C1 =
1

2

(
Γ1 − β2Γ2 − rC0

)
,(23)

C2 =
1

2

(
Γ2 − β1Γ1 − r−1C0

)
,(24)

and the zero-mode current reduces to

(25) 2Γ0 = r−1Γ1 + rΓ2 + 3C0.

Proof. Substitute (20) and simplify. The identities (23)–(24) can also be obtained from the Fourier
convolution

3Γk =

2∑
ν=0

BνCk−ν

by eliminating the other standard channel. The factor that would normally be d−1 is canceled by
B0d = 6. Equation (25) is the case k = 0 of (19). □

Remark 4.3 (The 8/9 identity). If Z is the half-plane coordinate defined by

q2 = c(Z2 − 1),

then (21) becomes

d =
8

9Z2
.

Thus the apparent near-null standard channel has an inverse-square defect. Theorem 4.2 shows
that this defect is not an uncontrolled singularity in the native completed current.

The determinant is even more useful when combined with the trace weight.

Corollary 4.4 (The determinant is the complementary Krein port). With W = c/q2 and y =
1 + 2W ,

(26) d =
8

9

W

1 +W
,

W

d
=

9

8
(1 +W ),

and

(27)
W 2

d
= − 9

32
(1− y2).
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Proof. Use q2 = c/W in (21). Since

1− y2 = 1− (1 + 2W )2 = −4W (1 +W ),

(27) follows. □

Equation (27) is the exact bridge between the S3 standard-channel Green factor and the U -
polynomial block in (10). In particular, the normalized inverse determinant does not create a new
quadratic weight; it converts the trace weight to the complementary Krein port.

5. An unconditional source contraction on the real invariant axis

We now use a zeta-specific fact that is nevertheless unconditional: log ξ(s) is strictly convex on
the real axis. This follows, for example, from the classical positive even Laplace representation of
ξ(1/2 + u); the second derivative of the logarithm is the variance of the tilted measure. See [15] for
the standard integral representation.

Lemma 5.1 (Sign structure of the real cubic fiber). Let q ∈ R \ {0} and let s0, s1, s2 be the
corresponding cubic orbit. Then

(28) e2 := ℓ0ℓ1 + ℓ1ℓ2 + ℓ2ℓ0 < 0.

Proof. It is enough to take the real representative x > 2. Its orbit is

x,
x− 1

x
, − 1

x− 1
.

Put

L = ℓ(x), P = ℓ

(
x− 1

x

)
, M = ℓ

(
x

x− 1

)
.

The functional equation ℓ(1− s) = −ℓ(s) gives

ℓ

(
− 1

x− 1

)
= −M.

Strict convexity and symmetry about 1/2 imply

L > M > P > 0.

Hence
e2 = LP − LM − PM = −L(M − P )− PM < 0.

The case q < 0 follows by reflection. □

Define

(29) Σ+ = C2
0 + 2C1C2, Σ− = C2

0 − 2C1C2.

For real q, C2 = C1 and

(30) C1C2 =
1

2

[
(ℓ0 − ℓ1)

2 + (ℓ1 − ℓ2)
2 + (ℓ2 − ℓ0)

2
]
≥ 0.

Moreover

(31) Σ+ = 3
2∑

j=0

ℓ2j , Σ− = −
2∑

j=0

ℓ2j + 4e2.

Thus Lemma 5.1 gives

(32) −Σ+ ≤ Σ− < −1

3
Σ+.
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Theorem 5.2 (Rank-one real-axis source contraction). Let q ∈ R \ {0}, so W > 0 and y =
1 + 2W > 1. For integers m,n ≥ 1, define

Fmn(q) = C0(q)
2Tm(y)Tn(y)

+ 2C1(q)C2(q)(1− y2)Um−1(y)Un−1(y).(33)

Then

(34) Fmn =
Σ+

2
T|m−n|(y) +

Σ−
2
Tm+n(y),

and

(35) Fmn ≤ C0(q)
2T|m−n|(y).

More generally, for any finite index set I,

(36) [Fmn]m,n∈I − C0(q)
2[T|m−n|(y)]m,n∈I = Σ− vv

T ⪯ 0,

where
vm =

√
y2 − 1Um−1(y).

Thus the future component is a negative rank-one correction.

Proof. Equations (7)–(8) give (34). Rewriting the same identity as

Fmn = C2
0T|m−n| +Σ−(y

2 − 1)Um−1Un−1

and using Σ− < 0 proves both (35) and (36). □

Remark 5.3 (Why this is not RH). The contraction in Theorem 5.2 lives on the real q axis. The
critical Hardy boundary introduced below corresponds to Re s = 1/2, where q is purely imaginary.
Residue projection is not positivity preserving; indeed, the earlier cubic prime filters furnish explicit
projected-square counterexamples [8]. Therefore Theorem 5.2 cannot simply be pushed through
the residue as a Loewner inequality.

A further parity cancellation will be useful conceptually. Since reflection sends q 7→ −q and
ℓ(1− s) = −ℓ(s), one has

(37) C0(q) = q h(q2)

with h meromorphic and regular at q = 0. Combining (37) with (27) gives

(38) q2
W 2

d
=

243

32
(1 +W ).

Thus the forced q2 zero removes one full power of the quadratic Green weight.

6. The critical Cayley coordinate

We now turn to the local residue itself. The correct coordinate for the critical e−3x norm is not
the Cayley coordinate centered at the Euler-product line used in [8], but the following one.

Definition 6.1 (Critical Cayley coordinate). Set

(39) χ =
s− 2

s+ 1
, s =

2 + χ

1− χ
.

Proposition 6.2 (Critical geometry). The coordinate (39) has the properties

(40) |χ| = 1 ⇐⇒ Re s =
1

2
,

(41) s 7→ 1− s ⇐⇒ χ 7→ χ−1,
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and

2 7→ 0,
1

2
7→ −1, −1 7→ ∞.

Moreover

(42) q

(
2 + χ

1− χ

)
= − 27χ(χ+ 1)

2(χ− 1)(χ+ 2)(2χ+ 1)
,

and

(43) W (χ) =
(χ− 1)2(χ+ 2)2(2χ+ 1)2

27χ2(χ+ 1)2
.

Proof. All statements follow by direct substitution. In particular,

|s− 2| = |s+ 1|

is the perpendicular bisector of the segment [−1, 2], namely Re s = 1/2. □

This coordinate also makes the weight e−3x canonical. The ordinary Laguerre generating function
gives

(44)
1

1− χ
exp

(
− 3xχ

1− χ

)
=
∑
k≥0

Lk(3x)χ
k.

Since s− 2 = 3χ/(1− χ),

(45) e−x(s−2) =
3

s+ 1

∑
k≥0

Lk(3x)

(
s− 2

s+ 1

)k

.

Thus the critical line, the local residue, and the e−3x orthogonality all occur in the same disk
coordinate.

7. The cubic Schur multiplier

Let
y(χ) = 1 + 2W (χ).

Choose the local Joukowski branch λ(χ) near χ = 0 by

(46) y =
1

2
(λ+ λ−1), λ(0) = 0.

Then

(47) W =
(1− λ)2

4λ
.

Let

(48) ψ(χ) =
2(χ2 + χ+ 1)3/2 − (χ− 1)(χ+ 2)(2χ+ 1)

3
√
3 (χ+ 1)

,

where the square root is the analytic branch in D normalized by

(χ2 + χ+ 1)1/2 = 1 +O(χ)

at the origin. The zeros of χ2 + χ+ 1 lie on ∂D, so this branch is well defined in D. Put

(49) ϕ(χ) = ψ(χ)2.
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Proposition 7.1 (Joukowski factorization). The branch (46) satisfies

(50) λ(χ) =
χ2

ϕ(χ)
.

In particular,

(51) ϕ(0) =
16

27
.

Proof. Insert (43) into the quadratic relation

λ+ λ−1 = 2 + 4W

and solve for the branch satisfying λ(0) = 0. Simplifying the resulting square root gives (48)–(50).
At χ = 0,

ψ(0) =
4

3
√
3
,

which gives (51). □

Lemma 7.2 (Boundary regularity). The apparent singularity of ψ at χ = −1 is removable, and

(52) ψ(χ) =
3
√
3

4
(χ+ 1) +O((χ+ 1)2) (χ→ −1).

In particular ψ(−1) = 0. At χ = 1,

(53) ϕ(1) = 1, ϕ′(1) = 2−
√
3.

The algebraic branch in (48) therefore extends continuously to D; at the two roots of χ2 + χ+ 1 the
first numerator term simply tends to zero.

Proof. At χ = −1 both numerator and denominator in (48) vanish. Taylor expansion of the
analytic branch from D gives (52). At χ = 1 the square-root branch is regular and positive, and
direct differentiation gives

ψ(1) = 1, ψ′(1) = 1−
√
3

2
.

Since ϕ = ψ2, (53) follows. □

The essential point is not merely that 16/27 < 1, but that the entire multiplier is contractive.
We use standard Hardy-space notation as in [3].

Theorem 7.3 (Critical Schur theorem). The function ψ is Schur:

(54) |ψ(χ)| ≤ 1 (χ ∈ D).

Consequently

(55) ∥ϕ∥H∞(D) ≤ 1.

Proof. It is enough to verify the radial boundary inequality. Let χ = eiθ and put

cθ = 1 + 2 cos θ ∈ [−1, 3].

Then
χ2 + χ+ 1 = χcθ,

and

(56) |(χ− 1)(χ+ 2)(2χ+ 1)|2 = (3− cθ)(3 + 2cθ)
2.
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Moreover, after division by χ3/2, the latter cubic factor is purely imaginary, since

[(χ− 1)(χ+ 2)(2χ+ 1)]2

χ3
= (cθ − 3)(2cθ + 3)2.

If cθ ≥ 0, the two terms in the numerator of (48) are orthogonal in phase. Hence

|numerator|2 = 4c3θ + (3− cθ)(3 + 2cθ)
2

= 27(cθ + 1) = |3
√
3(χ+ 1)|2.

Thus |ψ| = 1 on this arc.
If cθ = −d with 0 ≤ d < 1, the two terms are collinear and the boundary inequality reduces to

(57) Ad := (3− 2d)
√
d+ 3− 2d3/2 ≥ 0.

Both sides in
(3− 2d)

√
d+ 3 ≥ 2d3/2

are nonnegative, and squaring gives

(3− 2d)2(d+ 3)− 4d3 = 27(1− d) ≥ 0,

so (57) holds. A direct expansion then gives

27(1− d)−A2
d = 4d3/2Ad ≥ 0,

which is exactly |ψ(eiθ)| ≤ 1 on the remaining open arc. At the endpoint d = 1, namely χ = −1,
Lemma 7.2 gives ψ(−1) = 0. Thus |ψ| ≤ 1 on the entire boundary. Since the same lemma gives a
continuous extension to D, the maximum modulus principle proves (54). Equation (55) follows
from ϕ = ψ2. □

8. Critical Laguerre–Hardy representation of the trace filters

Set

(58) Fn(s) =W (s)Tn(1 + 2W (s)).

By (45), the residue definition (3) gives an exact critical Laguerre expansion.

Proposition 8.1 (Critical Laguerre coefficients). For every n ≥ 0,

(59) Πn(x) =

2n+1∑
k=0

bn,kLk(3x),

where

(60) bn,k = −Res
s=2

Fn(s)
3

s+ 1

(
s− 2

s+ 1

)k

.

Consequently

(61) I(0)n :=

∫ ∞

0
e−3x|Πn(x)|2 dx =

1

3

2n+1∑
k=0

|bn,k|2.

Proof. Substitute (45) into (3). Near s = 2, W has a double pole, while Tn(1 + 2W ) is a degree-n
polynomial in W . Hence Fn =WTn(1 + 2W ) has pole order 2n+ 2, so the last possible Laguerre
index is 2n+ 1. Finally, ∫ ∞

0
e−3xLj(3x)Lk(3x) dx =

1

3
δjk,

which proves (61). □
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For n ≥ 1, the Joukowski representation removes the analytic Chebyshev branch. Indeed,

Fn =
(1− λ)2

8

(
λn−1 + λ−n−1

)
.(62)

The first term in (62) is analytic at χ = 0 and contributes no residue. Thus only

(63) F sing
n =

1

8
(1− λ)2λ−n−1

matters.
Define

(64) G(χ) =
(ϕ(χ)− χ2)2

1− χ
.

Lemma 8.2 (The Hardy prefactor). The function G extends holomorphically across χ = 1 and
belongs to H∞(D). More precisely,

(65) ϕ(χ)− χ2 = −
√
3 (χ− 1) +O((χ− 1)2),

and hence

(66) G(χ) = 3(1− χ) +O((1− χ)2) (χ→ 1).

Proof. By Lemma 7.2,
ϕ′(1)− 2 = (2−

√
3)− 2 = −

√
3,

which gives (65) and (66). Thus the only possible singularity arising from the denominator in (64)
is removable. On the complement of a neighborhood of χ = 1, the denominator is bounded away
from zero and ϕ is bounded by Theorem 7.3. Hence G is bounded on D. □

Proposition 8.3 (Isometric arc and sharpness). Let

A = {eiθ : 1 + 2 cos θ ≥ 0}.

Then
|ϕ(eiθ)| = 1 on A ,

whereas |ϕ| < 1 in the interior of the complementary boundary arc. Moreover G has nonzero
boundary mass on A ; for example

|G(i)|2 = 5000

729
.

Consequently

(67) lim
m→∞

∥Gϕm∥2H2 =
1

2π

∫
A
|G(eiθ)|2 dθ > 0.

Thus inner–outer factorization of ϕ cannot, by itself, improve the uniform Hardy contraction below
to decay of the full H2 norm.

Proof. The boundary-modulus statements are exactly the two cases in the proof of Theorem 7.3;
on the complementary open arc the inequality is strict because

27(1− d)−A2
d = 4d3/2Ad > 0 (0 < d < 1).

Direct substitution at χ = i gives the displayed value of |G(i)|2. Since G ∈ H∞ and |ϕ| ≤ 1,
dominated convergence on the unit circle gives (67). □
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Theorem 8.4 (Exact Hardy coefficient formula). For n ≥ 1 and 0 ≤ k ≤ 2n+ 1,

(68) bn,k = −3

8
[χ2n+1−k]G(χ)ϕ(χ)n−1.

Equivalently, if

Bn(ζ) =
2n+1∑
k=0

bn,kζ
k,

then

(69) Bn(ζ) =
3

1− ζ
Π̂n

(
3

1− ζ

)
,

where Π̂n(p) =
∫∞
0 e−pxΠn(x) dx.

Proof. Using (50) in (63),

F sing
n =

1

8
(ϕ− χ2)2ϕn−1χ−2n−2.

Changing the residue from s to χ gives

ds =
3

(1− χ)2
dχ,

while the coefficient factor in (60) is (1− χ)χk. Taking the coefficient of χ−1 yields (68). Formula
(69) is the ordinary Cayley change of variables in the Laplace transform; on |ζ| = 1 one has
Re(3/(1− ζ)) = 3/2. □

We can now prove the critical filter estimate that had previously appeared only numerically.

Theorem 8.5 (Uniform critical Hardy contraction). There exists an absolute constant C < ∞
such that

(70)
∫ ∞

0
e−3x|Πn(x)|2 dx ≤ C (n ≥ 0).

For n ≥ 1 one may take

(71) C =
3

64
∥G∥2H2

up to enlarging the constant to include n = 0.

Proof. By (68), the vector (bn,k)
2n+1
k=0 is, up to reversal and the factor 3/8, an initial coefficient

segment of Gϕn−1. Hence Parseval and Theorem 7.3 give

I(0)n =
1

3

∑
k

|bn,k|2

≤ 3

64

∥∥Gϕn−1
∥∥2
H2

≤ 3

64
∥G∥2H2 .

The case n = 0 is finite directly from Π0. □

Remark 8.6 (Why the theorem is a uniform bound, not a decay theorem). Proposition 8.3 shows
that the multiplier is genuinely isometric on a boundary arc of positive measure and that G does
not vanish there. Thus the simple Hardy estimate used in Theorem 8.5 is not hiding an automatic
decay factor. Any sharper asymptotic for the truncated coefficient energy I

(0)
n would require

information beyond the inner–outer decomposition of ϕ.
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Corollary 8.7 (Contractive top edge). For n ≥ 1,

(72) bn,2n+1 = −2

9

(
16

27

)n

.

Proof. Set k = 2n+ 1 in (68). Since
G(0) = ϕ(0)2,

we obtain

bn,2n+1 = −3

8
ϕ(0)n+1 = −3

8

(
16

27

)n+1

= −2

9

(
16

27

)n

.

□

Thus the geometric boundary multiplier that was singular before residue extraction becomes a
strict local contraction after the critical Hardy projection.

9. Critical moment bounds

Define

(73) I(j)n =

∫ ∞

0
xje−3x|Πn(x)|2 dx, j = 0, 1, 2.

The higher critical moments require no new asymptotic theorem.

Lemma 9.1 (Multiplication by x in the critical Laguerre basis). For ordinary Laguerre polynomials,

(74) xLk(3x) =
1

3

[
(2k + 1)Lk(3x)− (k + 1)Lk+1(3x)− kLk−1(3x)

]
.

If P has degree at most d, then

(75) ∥xP∥L2(e−3xdx) ≤
4d+ 2

3
∥P∥L2(e−3xdx) .

Proof. Equation (74) is the standard three-term Laguerre recurrence after the scaling y = 3x; see,
for example, [14]. In the orthogonal basis Lk(3x) the multiplication matrix has maximum absolute
column sum at most (4d+ 2)/3 and no larger row sum. The Schur matrix bound gives (75). □

Corollary 9.2 (Critical first and second moments). For every n ≥ 0,

(76) I(1)n = O(n),

and

(77) I(2)n = O(n2).

More explicitly, for d = 2n+ 1,

(78) I(2)n ≤
(
4d+ 2

3

)2

I(0)n ,

and

(79) I(1)n ≤ 4d+ 2

3
I(0)n .

Proof. The second-moment estimate is (75) applied to P = Πn. The first-moment estimate follows
from Cauchy–Schwarz:

I(1)n ≤ (I(0)n I(2)n )1/2.

Now apply Theorem 8.5. □
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10. A polynomial prime-square sampling theorem

The critical e−3x norm is exactly strong enough to pay for the spacing of the logarithmic
prime-power samples without changing the exponential scale.

Lemma 10.1 (Logarithmic sampling). Let P be a polynomial of degree at most d. Then

(80)
∑
m≥2

(logm)2

m4
|P (logm)|2 ≪ d4 ∥P∥2L2(e−3xdx) ,

with an absolute implied constant.

Proof. Let
xm = logm, Im = [logm, log(m+ 1)], δm = |Im|.

The elementary one-dimensional Sobolev estimate gives

(81) |P (xm)|2 ≤ 2

δm

∫
Im

|P (x)|2 dx+ 2δm

∫
Im

|P ′(x)|2 dx.

Since δm ≍ m−1 and e−3x ≍ m−3 on Im, multiplication by (logm)2m−4 and summation give

(82)
∑
m≥2

(logm)2

m4
|P (logm)|2 ≪ ∥xP∥2L2(e−3x) +

∥∥xP ′∥∥2
L2(e−3x)

.

The derivative identity

(83)
d

dx
Lk(3x) = −3

k−1∑
j=0

Lj(3x)

shows, by the same matrix norm estimate, that

(84)
∥∥P ′∥∥

L2(e−3x)
≤ 3d ∥P∥L2(e−3x) .

Apply Lemma 9.1 to P and P ′. The first term in (82) is O(d2) ∥P∥2 and the second is O(d4) ∥P∥2,
proving (80). □

Corollary 10.2 (Prime-square filter bound). For the trace filters,

(85)
∑
m≥2

Λ(m)2

m4
|Πn(logm)|2 = O(n4).

Proof. Use Λ(m) ≤ logm, Lemma 10.1, and Theorem 8.5. □

We record the implication for the block quadratic variation. Writing

EN =
4N∑
n=0

wN,n|un|2,

the weights are explicitly

(86) wN,n =



N + 1, n = 0,

2(N + 1− n), 1 ≤ n ≤ N,

0, N < n < 2N,

−(k + 1), n = 2N + k, 0 ≤ k ≤ N,

−(2N + 1− k), n = 2N + k, N < k ≤ 2N.
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Thus
4N∑
n=0

|wN,n| = 2(N + 1)2,
4N∑
n=0

wN,n = 0.

All active indices satisfy n ≤ 4N . Therefore the jump term

(87) JN =
∑
m≥2

Λ(m)2

m4

∑
n

wN,nΠn(logm)2

satisfies

(88) |JN | = O(N6).

The sign of JN is not fixed; the content of (88) is that it cannot carry the exponential future gain
that an off-line zero would require.

11. The continuous transport form

For completeness we state the exact jump-removal identity that places (88) in context. Put

Ψ(X) =
∑
m≤X

Λ(m), R(X) = Ψ(X)−X, fn(X) = X−2Πn(logX),

and define the truncated completed current

Un(X) = Atr
n +

∫ X

1−
fn(t) dR(t).

Then
dUn = fn dR.

Define

(89) Vn(X) = Un(X)−R(X)fn(X).

Since fn is continuous,

(90) dVn(X) = −R(X)f ′n(X) dX.

Thus all prime-power jumps cancel exactly. The classical Chebyshev estimate Ψ(X) = O(X) gives
R(X) = O(X), while

fn(X) = O
(
X−2(logX)2n+1

)
for fixed n. Therefore R(X)fn(X) → 0 unconditionally, and

(91) un = Bn −
∫ ∞

1
R(X)f ′n(X) dX,

where Bn = Vn(1
−). For the signed block weights,

(92) EN = E(B)
N − 2

∫ ∞

1
R(X)BN (X) dX +

∫∫
R(X)R(Y )CN (X,Y ) dX dY,

with
BN (X) =

∑
n

wN,nBnf
′
n(X), CN (X,Y ) =

∑
n

wN,nf
′
n(X)f ′n(Y ).

Equation (88) shows that the discrete quadratic variation is polynomial. The remaining issue is
the polarized continuous arithmetic source, not the local filter norm.
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12. The completed source in the critical Hardy coordinate

The critical Hardy factorization also gives a precise formula for the completed endpoint residue.
Define

(93) H(χ) =
1

1− χ
ℓ

(
2 + χ

1− χ

)
=
∑
j≥0

hjχ
j

whenever the Taylor series is valid at the origin.

Theorem 12.1 (Exact completed endpoint coefficient identity). For n ≥ 1,

(94) Res
s=2

ℓ(s)Fn(s) = −
2n+1∑
k=0

hkbn,k,

and equivalently

(95) Res
s=2

ℓ(s)Fn(s) =
3

8
[χ2n+1]H(χ)G(χ)ϕ(χ)n−1.

Proof. Expand H at the origin and use (60); this gives (94). Substitute (68) and collect the
convolution coefficient to obtain (95). □

The formula (95) sharply separates the filter from the arithmetic source. The factor Gϕn−1 is
uniformly controlled in H2 by Theorem 8.5. The only uncontrolled analytic object is H.

Proposition 12.2 (The remaining pole is exactly the RH pole). The function H is holomorphic
in D if and only if ξ has no zero in the open half-plane Re s > 1/2. By the functional equation,
this is equivalent to RH.

Proof. The Cayley map (39) sends D biholomorphically to Re s > 1/2. The logarithmic derivative
ℓ = ξ′/ξ is meromorphic, with poles exactly at the zeros of ξ, counted with multiplicity. The
prefactor (1− χ)−1 introduces no pole in D. Thus interior poles of H are exactly the images of
zeros with Re ρ > 1/2. The functional equation reflects any zero with Re ρ < 1/2 to one with
Re ρ > 1/2. □

Remark 12.3 (The central completion). The full trace residue also contains the explicit central
contribution at s = 1/2, which corresponds to the boundary point χ = −1. Theorem 12.1 is the
exact endpoint identity at s = 2; it does not discard the central completion. The point is that the
interior pole set of the endpoint source is already exactly the off-line zero set in the right half-plane.

13. Circularity audit and a no-go model

Theorem 12.1 makes a tempting but invalid argument visible. If one assumed

H ∈ H2(D),
then Cauchy–Schwarz and the uniform bound for Gϕn−1 would immediately control the endpoint
trace coefficients. But Proposition 12.2 shows that holomorphy of H in the disk already excludes
every off-line zero. Such an H2 assumption would therefore be circular.

Nor can the real-axis source contraction alone exclude the poles. The following elementary model
shows why generic symmetry, positivity, and log-convexity are insufficient.

Proposition 13.1 (A symmetric log-convex countermodel). The entire function

(96) M(s) = cosh

(
s− 1

2

)
+

1

2
cosh(2s− 1)

has the following properties:
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(i) M(1− s) =M(s);
(ii) M(s) > 0 for real s;
(iii) logM(s) is strictly convex on the real axis;
(iv) M nevertheless has zeros off the symmetry line Re s = 1/2.

Proof. The first two statements are immediate. On the real axis M is a positive nondegenerate sum
of exponentials, so the logarithm is strictly convex by the standard log-sum-exp variance identity.
Put u = s− 1/2 and c = coshu. Since cosh 2u = 2c2 − 1,

M = 0 ⇐⇒ c2 + c− 1

2
= 0.

One root is

c = −1 +
√
3

2
< −1.

Hence

u = ± arcosh

(
1 +

√
3

2

)
+ iπ

modulo the usual 2πi periods, and these zeros have nonzero real part. □

Thus the real-axis contraction in Theorem 5.2 is meaningful but cannot, by itself, be promoted
to a proof of RH by a generic maximum principle. Some genuinely zeta-specific arithmetic coupling
must still exclude the poles in Proposition 12.2.

14. What has been contracted, and what remains

The cumulative effect of the preceding theorems can be stated cleanly.

Theorem 14.1 (Reduction after critical contraction). For the cubic Chebyshev trace, the following
statements are unconditional.

(a) The normalized S3 standard-channel determinant singularity cancels exactly in the native
current; its quadratic Green factor is the Krein U -port (27).

(b) On the real invariant axis, the completed standard source has a rank-one negative future
component (36).

(c) The exact trace prime filters satisfy the uniform critical Hardy bound (70).

(d) Their weighted critical moments satisfy I(1)n = O(n) and I(2)n = O(n2).
(e) Their prime-square sampling energy is O(n4), and the signed block quadratic variation is

O(N6).
(f) The endpoint completed trace coefficient has the exact form (95); in that formula the filter

factor is uniformly Hardy-contractile, while every possible interior exponential instability is
carried by a pole of H, equivalently by a zero of ξ with Re ρ > 1/2.

Proof. This is a collection of Theorems 4.2, 5.2, 8.5, Corollary 9.2, Corollary 10.2, and Theorem 12.1
together with Proposition 12.2. □

Theorem 14.1 is the strongest conclusion justified by the present argument. It is more than a
new equivalence: the local filter hierarchy and its discrete quadratic variation are now bounded
independently of RH. At the same time it is less than a proof: the remaining pole content is the
arithmetic zero-location problem itself.

A complete proof through this architecture would require a zeta-specific theorem controlling
the pole-sensitive bilinear coupling in the continuous completed flux without assuming that H is
holomorphic in D. The present paper does not supply such a theorem. Its contribution is to show
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that no exponential obstruction remains in the local Chebyshev filter, the critical residue geometry,
the standard-channel determinant, or the prime-square jump term. Any exponential future gain
must enter through the completed arithmetic source.

This distinction is important. The earlier boundary-layer calculation [10] showed that residue-
first extraction factorially regularizes a local geometric singularity. The critical Schur theorem
upgrades that local observation to a global uniform H2 contraction for the exact trace filters.
The S3 identities show, independently, that the apparent two-channel inverse defect is the same
complementary port already present in the Krein block. The two mechanisms therefore agree on
where the geometry is benign. What they do not do is erase the poles of ξ′/ξ.
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