




1. Prolouge

1.1 Structure of these notes

It is a cliche, but true nevertheless, that
math can be learned only by doing it.

Andrew Pressley

These notes are a result of a 12 week semester course in multivariate calculus. There were 3
assignments, which were worth a total 25% of the course. They also provided preparation to the
exams, each also worth 25%. Each chapter follows this rough structure:

• Walkthrough of the assignment problems
• Comments I have on the resources/content
• Notes for the reader, to summarize the content covered

Please note: These notes are not intended to be a resource for learning multivariate calculus. This
merely serves as a review for someone who has already taken multivariate calculus. There are
simply too many details left out from lectures/books/conversations I cannot possibly all include.

1.2 Actions speak louder than words
It is often said that mathematics is not a spectator sport. You don’t learn math by watching others do
it, you have to do it yourself. Thus, the only metric for progress is how well you can do the exercises
presented (provided they are of good quality). The following provides not only the exercises, but
the worked through solutions to the exercises.





2. Series and Curves

2.1 Assignment walkthrough

The subject in which we never know
what we are talking about, nor whether
what we are saying is true.

Bernard Russell

Exercise 2.1 Let an = lnn, bn = np, cn = an and dn = n!, where a and p are constants. Show
that for any numbers p > 0 and a > 1:

(a) lim
n→∞

an
bn

= 0;

(b) lim
n→∞

bn
cn
= 0;

(c) lim
n→∞

cn
dn

= 0.
These relations along with the relation n! ≪ nn establish the relation

lnn ≪ np ≪ an ≪ n! ≪ nn.

■

Starting the first one, we see that the function is of the form ∞/∞. This means we may apply
L’Hopital’s rule:

lim
n→∞

lnn
np = lim

n→∞

d
dx lnn

d
dx np

= lim
n→∞

1
n

npp−1 = lim
n→∞

1
pnp = 0

for any constant p > 0. Question (b) is similar, save that we will need to apply the rule k times:

lim
n→∞

np

an = lim
n→∞

pnp−1

an lna

= lim
n→∞

p(p−1)np−2

an(lna)2

= lim
n→∞

p(p−1)(p−2)np−3

an(lna)3

...
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And we keep doing this for k times as long as k ≥ p so that we will have

lim
n→∞

np

an = lim
n→∞

some constant C︷ ︸︸ ︷
p(p−1)(p−2) · · ·(p− k+1)np−k

an(lna)k = lim
n→∞

C
an(lna)knk−p

Which is obviously 0 because all the terms in the denominator are positive. Now we solve (c):

Proof. The trick for this proof is to observe the maximum point of the sequence happens when
n = a, after which the sequence is strictly decreasing. Thus one can see that

∣∣∣∣an

n!

∣∣∣∣= a
n
·

≤1︷ ︸︸ ︷
a

n−1
· · · a

a
·

>1︷ ︸︸ ︷
a

a−1
· · · a

1
≤ a

n
· aa

a!
=

aa+1

a!
· 1

n

And using the squeeze theorem we can thus see that

0 <

∣∣∣∣an

n!

∣∣∣∣≤ C
n

for the defined constant C = an+1/a!, implies the sequence goes to 0. ■

Now each of these limits show that the denominator grows much faster than the numerator.
Using this logic, (a) implies lnn ≪ np, (b) implies np ≪ an and (c) implies that an ≪ n!. Given
that n! ≪ nn we can establish the following:

lnn ≪ np ≪ an ≪ n! ≪ nn

Exercise 2.2 Test the following series for convergence or divergence. Note any results or tests
used. Test the following series for convergence or divergence. Note any results or tests used.

(a)
∞

∑
n=1

n+
√

n+1
n3 ln(n+2)+n

.

(b)
∞

∑
n=0

(2n)!
2n2 .

(c)
∞

∑
n=1

(−1)n−1
(

1
nn −1

)n

.

(d)
∞

∑
n=1

cos(nπ)(n+ lnn)
2n+1

.

■

The first question can easily be solved by comparison test. First note for any n> 1 that n+
√

n+1<
3n. Thus we can bound the series above by

n+
√

n+1
n3 ln(n+2)+n

<
3n

n3 ln(n+2)+n
<

3n
n3 ln(n+2)

=
3

n2 ln(n+2)︸ ︷︷ ︸
>1

<
3
n2
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Since 3∑
∞
n=1 1/n2 is a convergent series, by comparison test we know that (a) converges to a limit

L < π2

2 . For (b) we will use the ratio test. Of course all terms are positive. We calculate the limit of
the ratio:

lim
n→∞

an+1

an
= lim

n→∞

2n2 · (2n+2)!
(2n)! ·2n2+2n+1

= lim
n→∞

(2n+2)(2n+1)
22n+1 = 0

Since it is less than one, we can conclude it does converge. For (c) we see in absolute terms that
|an| → 0 as n → ∞ for ∣∣∣∣ 1

nn −1
∣∣∣∣= (1− 1

nn

)n

because nn ≥ 1 for all n ≥ 1. Combined with the fact that the terms are monotonically decreasing
we have it by alternating series test that it does converge. For (d) first see that cos(nπ) = (−1)n.
Thus

lim
n→∞

cos(nπ)(n+ lnn)
2n+1

= lim
n→∞

(−1)n (n+ lnn)
2n+1

= lim
n→∞

(−1)n (1+
lnn
n )

2+ 1
n

=
1
2

lim
n→∞

(−1)n.

and thus (d) fails to converge by divergence test.

Exercise 2.3 For what values of k is the series
∞

∑
n=3

(−1)n

n lnn(ln(lnn))k

absolutely convergent? For what values of k ≥ 0 is the series conditionally convergent? ■

We will test the series for absolute convergence. This means we trying to see if ∑
∞
n=1 | f (n)|

converges. This means we can get rid of the (−1)n term. Now we may use the integral test (first
see that the terms are clearly positive, decreasing, and continuous):∫

∞

3

dx
n lnn(ln(lnn))k =

∫
∞

ln(ln3)
u−kdu

With the substitution u = ln(lnn). Now we cant use the power rule for k =−1 so we shall do this
by case:

• If k = 1: ∫
∞

ln(ln3)
u−1du = lnu

]∞

ln(ln3)

which clearly diverges.
• If k > 1 then∫

∞

ln(ln3)
u−kdu =

u−k+1

−k+1

]∞

ln(ln3)
= 0− (ln(ln3))−k+1

−k+1
=

(ln(ln3))−k+1

k−1
=C

which is convergent. Since the above relied on the fact that u1−k → 0 which only works when
k > 1, we know it will not work when k < 1.

Thus, the series is absolutely convergent when k ≥ 1. However, because the series in monotonically
decreasing (for n ≥ 3) and converges to 0 by alternating series test it converges for 0 ≤ k ≤ 1.

Exercise 2.4 Find the radius of convergence and the interval of convergence for the following
power series:

1.
∞

∑
n=1

2n(x−2)n

(n+2)!
;
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2.
∞

∑
n=1

(−1)n(x+1)n
√

n
.

■

We start with ratio test∣∣∣∣2n+1(x−2)n+1

(n+3)!
(n+2)!

2n(x−2)n

∣∣∣∣= ∣∣∣∣2n+1(x−2)n+1

(n+3)!
(n+2)!

2n(x−2)n

∣∣∣∣= ∣∣∣∣2(x−2)
(n+3)

∣∣∣∣
|2x−4| lim

n→∞

1
n+3

= 0

Thus, R = ∞, so the series (1) converges for all x ∈ R. For (2) we apply the same technique:∣∣∣∣(−1)n+1(x+1)n+1
√

n+1

√
n

(−1)n(x+1)n

∣∣∣∣= √
n√

n+1
|−(x+1)|=

√
n√

n+1
|x+1|

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣= |x+1| lim
n→∞

√
n√

n+1
= |x+1|

We know the series (2) converges when |x+ 1| < 1. Thus our interval of convergence becomes
(−2,0). We need only test the endpoints:

∞

∑
n=1

(−1)n(−1)n
√

n
=

∞

∑
n=1

1√
n

which is a diverging p−series for p ≤ 1. And at x = 0 we have
∞

∑
n=1

(−1)n
√

n

which does converge by alternating series test because 1/
√

n is monotonic decreasing, and ap-
proaches 0.

Exercise 2.5 Suppose that an > 0 for all n, and that an+1
an

→ L > 0. Show that the following
series all have a radius of convergence R = 1/L:

∑an(x− x0)
n,

∑nan(x− x0)
n,

∑
an

n
(x− x0)

n.

■

For each equation, we will apply the ratio test, then use the supposition that an+1/an = L as n → ∞.
This will put in the form of |x− x0|L < 1. This will prove that each of the series have a radius of
convergence of 1/L. Here we apply the ratio test to each equation:∣∣∣∣an+1

an

∣∣∣∣= ∣∣∣∣an+1(x− x0)
n+1

an(x− x0)n

∣∣∣∣= |x− x0|
an+1

an∣∣∣∣an+1

an

∣∣∣∣= ∣∣∣∣(n+1)an+1(x− x0)
n+1

nan(x− x0)n

∣∣∣∣= |x− x0|
n+1

n
an+1

an∣∣∣∣an+1

an

∣∣∣∣= ∣∣∣∣ nan+1(x− x0)
n+1

(n+1)an(x− x0)n

∣∣∣∣= |x− x0|
n

n+1
an+1

an

Taking the limit of all of these as n → ∞, they all equal |x− x0|L. Because we want |x− x0|L < 1
we have a radius of converge of 1/L.
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Exercise 2.6 Let γ be the plane curve defined by the C2 function

r(t) = (x(t),y(t))

for t ∈ [t0, t1].
1. Show that

T′(t) = K|r′(t)|N2

for

K =
x′′y′− x′y′′

|r′(t)|3
, N2 =

(y′,−x′)
|r′(t)|

2. Use the definition of curvature given in the Study Guide, the chain rule and part (a) to
prove the curvature formula

κ =
|x′′y′− x′y′′|

|r′|3
■

Let’s make a few notes. By observation we can see that

K|r′(t)|N2 =
x′′y′− x′y′′

|r′(t)|3
|r′(t)|(y

′,−x′)
|r′(t)|

=
x′′y′− x′y′′

|r′(t)|3
(y′,−x′)

We can verify this is equal to T′(t) by calculating:

T(t) =
r′(t)
|r′(t)|

=
(x′,y′)√

(x′)2 +(y′)2

=

(
x′√

(x′)2 +(y′)2
,

y′√
(x′)2 +(y′)2

)

Here we have s(t) =
√
(x′)2 +(y′)2. For the first component:

d
dt

(
x′

s

)
=

x′′s− x′ ds
dt

s2

=
x′′s− x′

(
x′x′′+y′y′′

s

)
s2

=
x′′s2 − x′(x′x′′+ y′y′′)

s3

=
x′′(y′)2 − x′y′y′′

s3

For the second component:

d
dt

(
y′

s

)
=

y′′s− y′ ds
dt

s2

=
y′′s2 − y′(x′x′′+ y′y′′)

s3

=
y′′(x′)2 − x′y′x′′

s3
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Thus

T′(t) =
(

x′′(y′)2 − x′y′y′′

s3 ,
y′′(x′)2 − x′y′x′′

s3

)
This can be rewritten as:

T′(t) =
x′′y′− x′y′′

|r′(t)|3
(
y′,−x′

)
Using the definition of curvature κ(s) = |T′(s)| and the results from part (1), we prove the curvature
formula. From part (1), we have:

T′(t) = K|r′(t)|N2 =
x′′y′− x′y′′

|r′(t)|2
N2

where N2 is a unit vector. The arc length parameter s satisfies ds/dt = |r′(t)|. By the chain rule:

T′(s) =
dT
ds

=
dT
dt

dt
ds

=
T′(t)
|r′(t)|

Substituting T′(t):

T′(s) =
x′′y′− x′y′′

|r′(t)|3
N2 = KN2

Taking the magnitude:

κ(s) = |T′(s)|= |x′′y′− x′y′′|
|r′(t)|3

|N2|=
|x′′y′− x′y′′|

|r′(t)|3

since |N2|= 1.
Therefore, we obtain the curvature formula:

κ =
|x′′y′− x′y′′|

|r′|3

Exercise 2.7 The space curve Γ ⊂ R3 is parameterized by

r(t) :=
(

t, t2,
2
3

t3
)

for t ∈ [0,1].
1. Determine the unit tangent and normal vectors for Γ.
2. Determine the arc length function s(t).

■

We first find the tangent vector at time t. We will first take the derivative;

r′(t) =
(
1,2t,2t2)

Notice because |r′(t)| ̸= 0 for all t it is a regular C∞ curve. The length of the tangent vector is equal
to

√
1+4t2 +4t4 =

√
(1+2t2)2 = 1+2t2. The unit tangent can be found by dividing the tangent

by its length.

T(t) =
r′(t)
|r′(t)|

=

(
1,2t,2t2

)
2t2 +1

=

(
1

2t2 +1
,

2t
2t2 +1

,
2t2

2t2 +1

)
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Now to find the unit normal we follow the same idea:

T′(t) =
(
− 4t
(2t2 +1)2 ,

4t2 +2−8t2

(2t2 +1)2 ,
8t3 +4t −8t3

(2t2 +1)2

)
=

(
− 4t
(2t2 +1)2 ,

2−4t2

(2t2 +1)2 ,
4t

(2t2 +1)2

)

|T′(t)|=

√(
− 4t
(2t2 +1)2

)2

+

(
2−4t2

(2t2 +1)2

)2

+

(
4t

(2t2 +1)2

)2

=

√
16t2 +4−16t2 +16t4 +16t2

(2t2 +1)4

=

√
16t4 +16t2 +4
(2t2 +1)2

=

√
4(4t4 +4t2 +1)
(2t2 +1)2 =

2(2t2 +1)
(2t2 +1)2 =

2
2t2 +1

Finally, we get the unit normal vector:

N(t) =
T′(t)
|T′(t)|

=

(
− 4t
(2t2 +1)2 ,

4t2 +2−8t2

(2t2 +1)2 ,
8t3 +4t −8t3

(2t2 +1)2

)
2t2 +1

2

=

(
− 2t

2t2 +1
,
1−2t2

2t2 +1
,

2t
2t2 +1

)
We can get the arc length parametrization as follows:

s(t) : =
∫ t

t0
|r′(t)| dt

=
∫ t

0
2t2 +1dt

=
2
3

t3 + t





3. Derivatives and Integration

3.1 Assignment Problems

Young man, in mathematics you don’t
understand things. You just get used to
them.

Von Neumann

Exercise 3.1 We have the contour plot of the function f (x,y) = x3 − xy2 −4x2 +3x+ x2y for
(x,y) ∈ [0,2]× [0,2]:

1. Use the contour plot to determine whether fx and fy are greater than, less than, or equal to
zero at the point (1,1.5)? What about at the point (1.2,0.6)? Explain your reasoning.

2. Calculate the actual values of fx and fy at those points.
3. Find the maximum and minimum values of the directional derivative Du f at (1/2,1) as u

varies.
4. In which directions u does the maximum and minimum occur?


