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ABSTRACT. In this paper, we study self-expanding solutions for a broad class
of parabolic inverse curvature flows. These flows are governed by homogeneous
symmetric functions of the principal curvatures in Euclidean spaces. We show
that the only compact self-expanders for any of these flows are round spheres,
generalizing results from [4] and [12] using ideas from [3].

1. INTRODUCTION

The curve shortening flow in the plane is the most natural way to smooth out
a closed curve. Each point of the curve moves in the normal direction with speed
equal to its curvature. Intuitively, regions of high curvature contract faster, and
the evolution tends to smooth out irregularities. This process reduces length most
efficiently. The mean curvature flow is the natural generalization of curve shortening
to higher-dimensional surfaces. A hypersurface X" in R™*! evolves by moving each
point in the normal direction with speed equal to its mean curvature. Just as
curvature flow in the plane decreases length most efficiently, mean curvature flow
decreases surface area most efficiently.

The first notable study of mean curvature flow for convex hypersurfaces was
conducted by Huisken in 1984 [§]. Subsequently, Huisken and Ilmanen investigated
the inverse mean curvature flow and employed it to prove the Riemann—Penrose
inequality [9]. Since then, the inverse mean curvature flow has been a topic of
interest, both for its applications and for it’s own sake. Drugan, Lee, and Wheeler
in 2016 showed that the only compact self-expanders to the inverse mean curvature
flow are round spheres [4]. This was generalized later to other curvature flows by
[11] and [2].

Please note that this is a private draft, so a lot of sentences are missing, and
sections will be repetitive due to the order in which I have written this draft.

2. QUESTION AND STRUCTURE

Before proceeding to the preliminaries in Section [3] it is useful to state the main
question clearly. The mean curvature flow evolves each point & on a hypersurface
3 in the direction of the inward-pointing unit normal v with speed equal to the
mean curvature H at that point. This evolution is governed by the equation

9

o’
Huisken proved in 1984 that every strictly convex hypersurface contracts to a round
point under this flow [8]. Here a hypersurface is strictly convex if all principal curva-
tures satisfy A; > 0 at every point p € 3" and for all ¢ € {1,...,n}. Huisken later
extended the result to a weaker convexity condition: any 2-convex hypersurface
with Ay + Ay > 0 also converges to a sphere.

= —Hv.
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We now turn to the inverse mean curvature flow (IMCF). In contrast to the
mean curvature flow, each point & on the hypersurface moves in the outward normal
direction with speed inversely proportional to the mean curvature H. The evolution
equation is

0o, 1
=T ==V

ot H”
where v denotes the outward-pointing unit normal.

This inverse flow, along with its generalisations, was first studied independently
by Gerhardt [7] and Urbas [14]. They showed that any initial compact star-shaped
hypersurface evolves under the flow into a round sphere. Notice the title of Urbas’
paper:

“On the expansion of starshaped hypersurfaces by symmetric func-
tions of their principal curvatures”

This hints at the fact the MCF is one in a class of many other extrinsic flows. The
mean curvature is given by A; + A2, while the Gauss curvature is \;\2. Both are
symmetric functions of the principal curvatures. It is therefore natural to consider
a general symmetric function p(Aq,...,A,) and define the inverse p-flow by

0 1

r=——r—-—""—1.

o p(as )

This leads to the following natural question.

Question 1. Does any initial star-shaped convex hypersurface that satisfies the
inverse p-flow as defined above converge to a sphere?

The answer to this question is no. A counterexample appears in the appendix.
To obtain convergence to a sphere, further restrictions must be imposed on the
function p. The precise class of admissible functions p is given in the following
definition.

Definition 1 (Inverse p-Flow). Let ¥ C R"*! be a smooth, closed hypersurface
and let F': X" x [0,T) — R™"! be a smooth family of embeddings. This family is
called an inverse p-flow if it satisfies the evolution equation

OF\" _ 1 5
o) pA,.d)

where v is the evolving unit outward normal and p is a function of the principal
curvatures \; defined on an open symmetric cone I' C R™ that satisfies the following
four conditions:

e Symmetry: pis a symmetric function of (A1, ..., ;). This ensures that the
flow is independent of the ordering of the principal directions.
e Homogeneity of degree one: For any ¢ > 0, p(cA1,...,cAn) = cp(A1, ..., An).
e Positivity: p > 0 on I', and T" contains the positive cone {\; > 0 : Vi}.
e Monotonicity: p is of class C! and satisfies
dp

8)\7;>0 onI’

foralli=1,...,n.

Many examples of such p-flows exist; a short list may be found in [2]. With this
class of flows in hand, a second natural question arises.

Question 2. Does any arbitrary initial surface asymptotically approach a spherical
shape as it expands under any inverse p-flow?

The answer is yes! Chow, Chow, and Fong established this result in [2] as theorem
4.1. To state their theorem they first introduced the notion of a self-expander.



COMPACT SELF-EXPANDERS TO GENERALIZED INVERSE CURVATURE FLOWS 3

Definition 2 (Self-Expander). A smooth, closed hypersurface X" C R"*! is called
a self-expander to the inverse p-flow if there exists a constant p > 0 such that
the following stationary equation holds:

_r
p()\l,...,)\n)

where F' is the position vector, v is the unit outward normal, and (F,v) denotes
the support function of the hypersurface.

:U<F’V>7

They then proved the following theorem.

Theorem 3 (Chow, Chow, Fong). Consider an inverse p-flow governed by a C*
symmetric function of the principal curvatures p(A1,...,An), defined on an open
cone T' such that (1,...,1) € T'. Suppose that p is homogeneous of degree one
and satisfies the ellipticity condition é?—)f’i >0 foralli=1,...,n on I". Then the
only compact hypersurfaces that arise as self-expanders to this flow are the round

spheres.

The first half of this article provides a complete walk-through of the proof of
Theorem [3] The second half examines a further question.

Question 3. Is it possible to weaken some requirement in the definition of the
inverse p-flow while still preserving the conclusion of Theorem [3]?

We conjecture that the answer is yes. One promising direction is to relax the ho-
mogeneity of degree one condition. Another is to weaken the convexity requirement
on the initial surface. In particular, if every compact self-expander can be shown
to become convex after a short time, then round spheres would remain the only
self-expanders. This would extend the theorem to all star-shaped initial surfaces
and eliminate the need for an a-priori convexity assumption on the cone I'.

3. PRELIMINARIES

Let’s first recap some notation. If (-,-) denotes the standard inner product on

R"™, then we define
_jor or
9ij = 61'i7 ij

OF
Aij o <8x18x3 ’ V>

which are the first and second fundamental forms of the hypersurface ¥ parametrized
by F. We let [g] and A be the matrices defined by g;; and A;;, respectively. We
let g*/ denote the elements of [g]~!. Then further define

Af = gjkAik

which allows us to define H = A! = g% 4;; as the mean curvature. It is important
to see that the principal curvatures A\; < --- < A, are the eigenvalues of the matrix
[A]. Tt will be useful to let

AP = g7 g™ Ay Aji = AT+ + A2

This will be important for the cylindrical estimates we will soon develop. A hyper-
surface is said to be convex if for all ¢ we have A\; > 0. It is called strictly-convex
if A; > 0. It is called mean-convex if H = A\ + --- + A, > 0. Before moving on,
we will see some examples of computations.
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Example 4 (Graph of a function). Suppose the hypersurface ¥y C R™*! is locally
a graph of a function f : R™ — R. That is, F'(z) = (z, f(x)), with z = (z1,...,Zy).
oF 0

or; 3731‘(3317~-~,$i»---a37naf($))

_ of

=e€; + yen—kl

Lg

oL of
Gis = \ €i axien+17 7 8$j n+1

so in matrix notations
9] = Lnxn + (VH(VHT

which is the first fundamental form. Now we calculate the second fundamental
form. To do this, we will first need to calculate the Gauss map. Using our term for

OF
O*F oF of
= €j + B, Entl

5. We are able to see
X
&%iaxj 8;101 j

_
- 8@6@3 n+1

and one can take a normal component N = (—V f,1) which is indeed orthogonal

to g—i by
OF \ L of _af of
<N78$Z> — (—Vf,l) . (61 + %ien_i,_l) — —axl + a{I;Z — 0

finding the norm of this |N|| = /1 + |V f]? allows us to normalize N, then find
the Gauss map like so:

N (—Vf, 1)

B W B VI+|VS?

so this gives us the second fundamental form

oF
Aij o <8x18x] ’ V>

v

_ ®f (VA
dz;0z; "t A VS
i
— Ba:iaxj
V14|V
or in matrix notations:
V2 f

- VIF|VS?

where V2 f is the Hessian of f, whose (i, j)-th entry is given by %aij' Now to find
the mean curvature H = g"/ A;; by finding inverse of [g] (add this working soon),
then we are able to see

Vf
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F1GURE 1. Dumbbell developing singularity under MCF

Example 5 (Surface of revolution in R?). Add this soon.

4. MEAN CURVATURE FLOW

We now introduce the mean curvature flow based on what we have established.
Let ¥* C R""! be a closed hypersurface, and F : X" x [0,T) — R"*! be a
smooth-family of embedded surfaces. From now on we will denote this by Xy being
the initial surface, and {X; C R"*’l}tE[O,T) to be the smooth family of embedded
surfaces. Let ¥; := F(X,t). Then this family is called a mean curvature flow,
with initial surface ¥ if the following hold:

oOF __
W—*HV
F(p,0)=p peXp

where v is the outward pointing Gauss map. This can be visualized as taking a
point, and moving inwards proportional to its mean curvature.

Remark 6. There are some sign conventions. Some of the articles in the literature
take v to be the inward pointing Gauss map, so that they can say ;F = Hv. Some
even let H := Hv so they can say 0,F(p) = H(p).

Before we compute an example let’s take a look at some cases. Given H = 0 at
every point on the surface, no points will move anywhere, and the initial surface
will stay stationary. This is called a minimal surface, and is a topic of much in-
terest for its applications (a bubble is a minimal surface since it tries to minimize
its surface area). Suppose H > 0 at some point p € X, then over time this p
will move inwards, till H = 0. Likewise, if H < 0 at a point, then the point will
move outwards. This is at a speed according to the magnitude of H. So, the sur-
face evolves in such a way that regions with higher curvature shrink faster, while
flatter regions move slower. This can be visualized as the initial surface having
its sharpest bumps smoothed out first, with its smaller bumps smoothing out over
time. As one can imagine, it would seem that any shape eventually turns into a
sphere. Unfortunately, this is only true given some restrictions. Husiken proved in
that any strictly convex hypersurface eventually becomes a sphere. If the initial
surface is not convex, it may develop singularities. An example is the dumbbell.

As you can see in figure [I} the mean curvature works faster on the cylindrical
part, than the bulbs. This causes a singularity in between the two, in which the
dumbells break off (we will present this proof soon). As you can imagine, this
doesn’t behave nicely as an ODE, so there have been many techniques developed
to fix this problem. We list some common ones:
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e Geometric Surgery. Surgery techniques were initially developed by Hamil-
ton in the settings of 3-manifolds, with aims to solve the Poincare conjec-
ture. This was utilized by Husiken-Sinestrari in |10] in the context of mean
curvature flow of 2-convex surfaces (A1 + A > 0). The idea is to cut the
surface at the thin neck, when the singularity forms, and cap the ends with
standard spherical caps, and then continue the flow. This allowed Husiken-
Sinestrari to prove that any 2-convex surface evolving under MCF only
requires finite surgeries before each remaining component can be classified.

e Level-Set Flow. Instead of viewing the family {¥; C R"!} as a smooth
family of embeddings, we can describe the evolving hypersurface as a level
set u(p,x) = 0 for p € ¥;. This was pioneered by Evans and Spruck
in 1992 [6]. This method meant intervention methods such as geometric
surgery were not needed, since the level sets can flow through singularities
smoothly. I think this has it’s limitations (still learning about it after taking
DE’s).

e Brakke Flow. This takes a measure theoretic approach, so this author
cannot comment on this, only that it must be quite useful because it can
be seen everywhere in the literature.

While some see singularities as a problem, some see them as a topic of interest.
Much work has been done to classify these singularities. We have already shown
that given the convexity assumption, Husiken proved the singularities are modeled
by spheres [8]. White then showed, that given mean convexity, any singularities are
modeled by spheres or cylinders |15} |17, |16]. Here "modeled” refers to the process
of rescaling the surface (this is actually quite difficult as we will see) immediately
before it collapses to a point, in order to see its shape. With no curvature assump-
tions, the classification of singularities that arise in MCF remains widely open.
The study of these singularities, the time they occur, and the asymptotic behavior
of solutions near singularities is broadly referred to as regularity theory (see [5]).
Husiken showed that these singularities are modeled by a special class of surfaces
called self-shrinkers. Self-shrinkers and self-expanders are families of surfaces {3}
that evolve under mean curvature flow in such a way that, so that at each time ¢,
the surface is a scaled version of the initial surface ¥y. Visually, the surface evolves,
but keeps its initial shape. As promised, before we talk about this, we will see some
computations.

Example 7 (Sphere). Let Xy be a sphere. Then we will show the family of co-
centric spheres 3, := 83:(1)1 (0) is a mean curvature flow, for a radius function r(t).
Take any point p on the sphere. Then by definition v(p,t) = p. The mean curvature
at a point on the sphere is the sum of the principal curvatures at that point. Since
all these principal curvatures are the same on a sphere, it suffices to find one. By
definition of curvature, this is A; = 1/r. For an n—dimensional sphere with radius
r(t) at time ¢, the mean curvature is

n—times
—_—
1 1 n
H=— 4 — = ——
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Thus by letting F(p,t) = r(t)p we calculate

oF
E —Hv
9 (t)p = ——
at VP T TP
0 n
p— t) = ———
o'V =
and solving this ODE yields:
dr__n
. r
rdr = —ndt
2
% =C1—nt

r=+vC —2nt

notice because the mean curvature is the same everywhere, it is reduced to an ODE.
Given an initial radius r(0) = R, we see

r(0) = R=VC — C=R?
giving us a solution to the MCEF:

r(t) = vV R? — 2nt

this solution can be visualized in R? as so:

r(t)
My M,

to = p?/2n

the sphere collapses to a singularity at time ¢ = R?/2n. This is an example of a
self-shrinker.

Example 8 (Shrinking Cylinder). Show example of cylinder. Show it is self-
shrinker. But collapses to a line.

Example 9 (Shrinking Torus). Show the example of a torus. Show it collapses to
a circle. Show that this is not a self-shrinker.

Theorem 10 (Avoidance Principle). The avoidance principle says that, roughly
speaking, under the mean curvature flow two disjoint embedded hypersurfaces will
never intersect with each other. If Xi and %2 are two mean curvature flows with
YENY2 =0 then X} NX7 =0 for all t. (show proof as in [15]).

We have enough to prove an interesting theorem, that a singularity does occur
in the dumbbells as showed in figure[ll When we gave the example of the torus, we
showed that it was mot a self-shrinker. This is because its appearance changes as
it evolves under mean curvature flow. Angenent in |1] constructed a torus that is
a self-shrinker. That is, it maintains the same shape under evolution, and merely
shrinks. This can be visualized in figure Put an Angenent torus inside the
neck region as a barrier. This torus has to be a ”suitable” size enough to fit
into either bulb. This is so we know the torus must shrink to a point before the
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FIGURE 2. The graph rotated around the vertical axis to create
Angenent’s torus

ha e §
A;’mﬂ.

d

&

FIGURE 3. Visualization of Proof

bulbs do, by avoidance principle (picture this torus inside a sphere under MCF).
Because the torus shrinks self-similarly and the two bulb regions of the dumbbell
are on different sides of the torus’s hole, avoidance forces the dumbbell to develop
a singularity (pinching) before a possible smooth process that would let the two
bulbs pass through the torus region. In other words, the Angenent torus blocks the
neck from disappearing smoothly, so the flow must singularize (as shown in )

5. VARIATIONAL FORMULAE

We use this section to develop several well known variational formulae to use in
our proofs. Let’s first explore a familiar proposition:

Proposition 11. Let X; C R? be a family of hypersurfaces for ¢t € (—¢,¢), with
each parametrization:

Fi(uy,ug) := Fouy,us) + to(ug, ug)v(uy, us)

where v(uq,ug) is the Gauss map at Fy(u1,uz), and ¢(u1,uz) is a smooth function
on Yg. Then
d

T gij(t) = —2¢ph;(t)

t=0

Proof. We start by calculating the tangent vectors of the varied surface Fy:

8Ft_8F0+t dp n ov
8ui o 811@ auiv w@ul
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Now, we express the metric tensor g;;(t) = <gi t %>. Expanding the inner prod-
i j

uct:

(1) = 8F0+t 8<pv+ ov 8F0+t 8<pv+ ov
g” o 6’&1 8ul (anq ’ (3"U,j (9Uj (pauj‘
8F0 8F0 8F0 (990 ov &p ov 8F0 2
= — )+t — — — t
<8ui78uj>+ |:< 8ui’8ujv+¢6uj + 3uiv+¢8ui’8uj +O( )
Differentiating with respect to t and evaluating at ¢ = 0, the O(t?) terms vanish:

g .,(t)_ OFp aiv_i_ 871) + 8801}_’_ v %
ot 91 h 87.61' ’ 8Uj wauj' 5‘ui (’Dé)ui’ 8’U,j

t=0

Because the Gauss map v is normal to the tangent plane, <%7U> = 0. This

simplifies the expression to:

O = 0F0 20N [ 0v O
t:og” =¢ 8’11,1 ’ 8uj L4 8’[1,1" 8uj

ot
Using the relation hj; = h;; = — <8F° v >

Oui ? 8uj

0
En 9i; (t) = p(=hij) + o(—=hji) = —2ph;;
t=0

O

What we have shown is that for an initial hypersurface perturbed by some smooth
function we can find the derivative of the metric tensor as a relation of the second
fundamental form. We can easily generalise this proposition to a smooth family of
hypersurfaces F, : ¥ — R™*! that satisfy...

Next steps:

e Derive the geometric evolution equations to prove everything said, but for-
mally.

Give formal notion of a self-similar solution = self-shrinker + self-expander.
Show self-expander is just important as a self-shrinker.

Develop inverse mean curvature flow.

Show that the only compact self expanders to IMCF are round spheres.
Develop other IMCF such as Qj, symmetric, guass, etc flows.

Show that these can be all particular forms of a generalized IMCF.

Show that the only self-expander to these generalized curvature flows are
round spheres.

6. NOTATION AND PRELIMINARIES

Let’s first recall some things from Euclidean geometry. Given some curve that is
parametrized by v(t) : I — R?, we define the tangent plane as T'(s) = +/(t). Instead
of defining the normal frame N(t) = ﬁT(t), we use the frame JT'(t) where J is

is the counter-clockwise rotation by 7 defined by
0 -1
7= ]

we can now define the signed curvature function.

Definition 12. Give an arc-length parameterized plane curve (¢) : I — R?, we
define the signed curvature k(t) : I — R

k(t) :==T'(s) - JT(s)
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Let’s compute the signed curvature of the unit circle v(¢) = (cos(t),sin(t)) by
seeing that T'(s) = (—sin(¢), cos(t)) so therefore JT = (— cos(t), —sin(t)). Then in
total we have

T(s) = (—sin(t), cos(t))

k(t) =T'(t)- JT(t)

=1

Notice a few things. First, the signed curvature is the same regardless of how the
curve is oriented. Secondly, the speed of the curve doesnt matter: we will get the
same answer for (t) : (0,27) — R? as we do for y(¢) : (0,1) — R?. We will now

use this to examine the mean curvature. First take some hypersurface defined by
F :R — X. Then take some p € ¥, then the normal curvature at p in the direction

7. THE MAIN PART

In this part (today is February 16th, 2025) we will first study the first and
second fundamental forms of various Euclidean hypersurfaces ¥"22 C R"*!. We
will use both matrix and tensor notations. For such a regular hypersurface with
F(u;) : U CR™ — ¥ as one of its local parametrizations, we define the Gauss map
at p € X to be the orthogonal complement of 7},%. This is a 1-dimensional subspace
of R"1, and we will denote this by N,X. Take a smooth function f(us,...,u,)
whose graph is the subset

S = (g, Uy f(Ury ) s (U, uy,) €U C R
Lemma 13. The graph of a smooth function is a hypersurface.
Proof. The surface X" can be globally parametrized by a single parametrization
given by
(7.1) F(uy, ... un) = Uty ooy tn, flug, ... uy))

It can be shown

OF of
7.2 e+ Y
( ) s €; + ou; €n+t1
where {€1,...,€,} are the basis vectors of R”. The lemma follows after seeing
{%} are linearly independent. 0

8. NOTATION AND PRELIMINARIES
‘We can now use this to prove the main theorem.

Theorem 14. Let f(u1,...,u,) : U C R™ — R be a smooth function defined on
an open set U.

(1) The first fundamental form of the hypersurface graphed by f can be ex-
pressed as

(9] = Lnscn + (V)Y

(2) The second fundamental form of the hypersurface graphed by f can be ex-
pressed as

e
VIFIVZ

Recall [7| points out something important (citation test). We then prove the
following theorem.

[h] =
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Theorem 15. Let ¥y C R3 be a family of hypersurfaces for t € (—¢,€), with each
parametrization:

Fi(uy,ug) := Fy(ur, ug) + to(ur, ug)v(ur, ug)

where v(uy, ug) is the Gauss map at Fo(uy,usz), and o(ui,us) is a smooth function
on Xo. Then
(1)
d

| i (t) = —2phi; (1)

t=0

(2)

log det[g;;(t)] = —2H
t=0

9. PrROOF OF THEOREM [15]

We will start by calculating the first and second fundamental forms g;; and h;;:

orFy  0Fy Hacvaau
(’)ui N 8ui 8ul (’)ui 14

0Fy dy ov  0F, Op v
9i3 (t) = P

t——v+t 2 v+t
5‘ui + 8uiv+ 5‘ui(p c’)uj + 8Ujv+ 8’[@'@

— 4,;(0) +t<aFO a‘pu> 40

6ui ’ 8Uj
After differentiation, and using the relation h;; = hj; = — <g§ 2, 3312 >
0 aFo ov aﬂ) ov
il L) = (=2 == =9 — 2,
o), 2t <6ui auj> * <auj dus j

Lemma 16. For any i,j,k,q we have
R}, = 9" (hjxhai — hikhyg)

7

Proof. By Gauss’s equation. O
Theorem 17 (Gauss). For any regular surface in R3 then K depends only on g.

Proof. By Lemma [I6] we have for any i, j, k, g
Ry, = g™ (hjkhai — hikhag)
JaaREy = 9aqg™ (hjrhai — hikhag)
= 6 (hjkhai — hirhag)
= hjrhai — hikhaj
Now selecting (4, j, k, @) = (1,2,2, 1), which we can justify later keeping in mind its
similarity with the Riemann curvature tensor:
G1gR%9y = haohiy — h3y, = deth
which gives us enough to prove the theorem. Recall:
e Recall the Gauss curvature is defined as
_det(h)
det(g)

e Therefore the Gauss curvature depends on det(h) and det(g).
e We have just shown that det(h) = g14R{s,
e Therefore, det(h) depends on g and Ri,s.
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e Recall that the Riemann curvature tensor is defined as:
org,  ord,

qa . I 1749 I 19
R =g ~ au T Lawla — il
e So we the riemann curvature tensor dependant on the Christoffel symbols

I'7, and g.
e Lastly we have the Christoffel symbols defined intrinsically by

Fz . 1 zZw <agwx 6gwy agxy)
Ty — o -

2 ouy ou® ouw

To summarise, We have shown that det(h) depends on g, and thus K depends on
g, completing the proof. O

10. INTUITION

We will outline our exposition of this section as follows:

e Show curvature of a curve

e Show signed curvature of a curve

e Show normal curvature definition

e Define the mean curvature at a point p as the average of all normal curvature
slices in all directions as

27
H@ﬁ@%ﬁ k() dp

where k, is a function of the angle ¢ which parametrizes the set of unit
vectors in all directions at this point.
e Introduce principal curvatures
e Introduce facts about principal curvature (they are always orthogonal etc.)
e Show that mean curvature is average of principal curvatures.

We denote g;; and h;; by the first and second fundamental forms, respectively.
Here we let g be the matrix form of g;;, and A be the matrix form of h;;. As
standard notation allows, we denote the principal curvatures by Ay < Ao --- < Ay,
and define the mean curvature as

H=X+ "+

the squared norm of A is given by A2 + .- + A2
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